Abstract. We calculate the expected number of gravitationally lensed arcs on the whole sky due to foreground galaxy clusters for different cosmological models. We use the redshift and magnitude distribution for sources in the Hubble Deep Field to describe the background galaxies, and model the foreground galaxy clusters as singular isothermal spheres. We account for the redshift evolution of foreground lensing clusters using a Press-Schechter formalism, normalized to the local cluster temperature function. We compare the predicted number of lensed arcs, with amplifications greater than 10, to an estimate of the number of such arcs on the whole sky by extrapolating the observed number towards a sample of bright EMSS clusters. The predicted and observed numbers are in agreement when 0.2 Ω m 0.4 (Ω m + Ω Λ = 1).
Introduction
It is now well known that gravitational lensing statistics is a useful probe of the geometry of the universe, especially for the determination of the cosmological constant. In a recent paper (Cooray, Quashnock & Miller 1998 ; hereafter CQM), we calculated the expected number of gravitationally lensed sources in the Hubble Deep Field (HDF; Williams et al. 1996) due to foreground galaxies as a function of the cosmological parameters, and estimated these parameters based on the observed lensing rate in the HDF. The expected lensing rate was calculated based on the redshift distribution of HDF galaxies as determined by the photometric redshift catalogs. Similar to multiple lensing events due to foreground galaxies, clusters of galaxies lens background sources. Such lensed sources with high magnification appear as arcs, and the number statistics of gravitationally lensed arcs can be used to determine the cosmological parameters (e.g., Wu & Mao 1996; Bartelmann et al. 1998 ) and study the galaxy evolution at high redshifts (e.g., Bézecourt, Pelló, Soucail 1998) .
In the present paper, we extend our previous work on the HDF (CQM) to estimate the number of lensed arcs on the sky due to foreground galaxy clusters. We describe the background galaxies by the redshift and magnitude distribution of optical sources in the HDF. We also assume that the HDF luminosity function, as determined by Sawicki et al. (1997) , is a valid description of the distant universe. Thus, one of the main differences between present paper and previous studies involving arc statistics is that we use individual redshifts to calculate lensing probabilities, and use magnitude information to account for various systematic effects, especially magnification bias present in magnitude-limited optical search programs to find lensed arcs towards galaxy clusters. A main difference between CQM and the present work is that we now describe the number density of foreground lensing objects, galaxy clusters, and their evolution using Press-Schechter (PS) theory, normalized to the local cluster abundance.
In § 2 we discuss our calculation and its inputs. In § 3 we compare our predicted number of arcs in the whole sky to the observed number of arcs in the Le Fèvre et al. (1994) cluster sample. In § 4 we discuss the systematic errors in the predicted and observed rate of lensing. We follow the conventions that the Hubble constant, H 0 , is 100 h km s −1 Mpc −1 , the present mean density in the universe in units of the closure density is Ω m , and the present normalized cosmological constant is Ω Λ . In a flat universe, Ω m + Ω Λ = 1.
Expected Number of Lensed Arcs
In order to calculate the lensing rate for background galaxies due to foreground galaxy clusters, we model the lensing clusters as singular isothermal spheres (SIS) and use the analytical filled-beam approximation (see, e.g., Fukugita et al. 1992) . Detailed analyses of individual clusters, such as A2218 (Bézecourt 1998) , have shown that SIS model underestimates the true lensing rate by as much as a factor of 2. It is likely that such biases may only exist for a small number of clusters with complex structures, including bimodal mass distributions. For the purpose of the present paper, we assume that SIS models may be safely used to reproduce the overall statistics of lensed arcs towards a large sample of galaxy clusters. However, the selection of a certain model to describe cluster potential instead of another may introduce a systematic uncertainty in arc statistic studies, and such systematic effects need to be accounted when deriving cosmological parameters.
The lensed arcs towards clusters have all been imaged in magnitude limited optical search programs. Such observational surveys are affected by the so-called "magnification bias" (see, e.g., Kochanek 1991) , in which the number of lensed sources in the sample is larger than it would be in an unbiased sample, because lensing brightens sources that would otherwise not be detected. Thus, any calculation involving lensed source statistics should account for the magnification bias and associated systematic effects.
We refer the reader to CQM for full details of our lensing calculation involving foreground galaxies as lensing sources. Following CQM, if the probability for a source at redshift z to be strongly lensed is p(z, Ω m , Ω Λ ), as calculated based on the filled-beam formalism, we can write the number of lensed sources, dN , with amplification greater than A min as:
where the integral is over all values of amplification A greater than A min , and α(z) and L ⋆ (z) are parameters of the HDF luminosity function at various redshifts as determined by Sawicki et al. 1997 . Here, the sum is over each of the galaxies in our sample. The index i represents each galaxy; hence, z i and L i are, respectively, the redshift, and the rest-frame luminosity of the ith galaxy. The step function, Θ(m), takes into account the limiting magnitude, m lim , of a given optical search to find lensed arcs in the sky, such that only galaxies with lensed magnitude brighter than the limiting magnitude is counted when determining the number of lensed arcs. Since restframe luminosities of individual galaxies are not known accurately due to uncertain K-corrections, as in CQM, we estimate the average amplification bias by summing the the expectation values of τ (z i ), which were computed by weighting the integral in above equation by a normalized distribution of luminosities L i drawn from the Schechter function at redshift z i . The probability of strong lensing depends on the number density and typical mass of galaxy clusters. For SIS models, this factor can be written by the dimensionless parameter:
where n is the number density of galaxy clusters, R 0 ≡ c/H 0 , and σ vel is the velocity dispersion. The parameter F is independent of the Hubble constant, because the observationally inferred number density is proportional to h 3 . We calculate the number density of galaxy clusters, dn(M ), between mass range (M, M + dM ) using a PS analysis (e.g., Lacey & Cole 1993):
whereρ is the mean background density, σ(M ) is the variance of the fluctuation spectrum filtered on mass scale M , and δ c0 is the linear overdensity of a perturbation which is now collapsing. The value of δ c0 has a weak dependence on Ω m for both flat and open models (e.g., Eke, Cole & Frenk 1996) . We refer the reader to Bartlett (1997) for further details of PS theory as applied to galaxy clusters. Our calculation follows that of Mathiesen & Evrard (1997) , with power-spectrum normalizations deduced by Viana & Liddle (1996) for σ 8 (Ω m ) based on cluster temperature function. We have also assumed a spectrum with n = −1.4 (α = 0.27), which corresponds to a power spectrum shape parameter Γ of ∼ 0.25 in CDM models. In order to calculate the parameter F , we also require knowledge of cluster velocity dispersion, σ vel . We use the scaling relation between σ vel and cluster temperature, T , of the form (Girardi et al. 1996) :
and the relation between T and cluster mass M (Bartlett 1997; see also Hjorth, Oukbir & van Kampen 1998) :
to derive a relation between σ vel and cluster mass M , σ vel (M ). Finally, we can write the interested parameter F as:
In order to compare the predicted number of bright arcs towards clusters with the observed number towards a Xray luminosity, L, selected sample of galaxy clusters, we also need a relation between M and L. We obtain this relation based on the observed L − T relation recently derived by Arnaud & Evrard (1998) :
and M − T relation in Eq. 5. We use a minimum mass M min of 7.5 × 10 14 M ⊙ , corresponding to L min of 8 × 10 44 h −2 ergs s −1 . Using the numerical values for σ(M ) and dn(M ), and performing a numerical integration we find F to range from ∼ 4 × 10 −6 when Ω m = 1 to ∼ 3 × 10 −4 when Ω m = 0.2. The difference between Ω Λ = 0 and Ω m + Ω Λ = 1 models is small (see, e.g., Fan, Bahcall & Cen 1997) . The error associated with F is rather uncertain. For example, the quoted random uncertainty in σ 8 from Viana & Liddle (1996) is +37 −27 . We assume that F has an overall statistical uncertainty of ∼ 40%, however, as we discuss later, there could also be systematic errors in our determination.
In order to calculate the expected number of lensed arcs on the sky, we use the photometric redshift catalog by Sawicki et al. (1997) for HDF galaxies. This catalog contains redshift information for 848 galaxies and is complete down to a magnitude of 27 in I-band. However, HDF allows detection of sources down to a magnitude limit of 28.5 in I-band, and contains 1577 sources down to 28 in I-band, excluding 43 apparent stars (Sawicki et al. 1997 ). We use this extra information and complemented the photometric redshift catalog by equally distributing the additional number of optical sources between I-band magnitudes of 27 and 28, and between redshifts of 0 and 5. Since these sources are not expected to be at very low redshifts, where lensing probability is small, we do not expect to have created a systematic bias in our study, other than perhaps underestimate the lensing rate, if all these sources were in fact at high redshifts. Also, since these additional sources have very low magnitudes, at the limit of HDF, we do not expect these sources to make a large contribution to the total number of lensed arcs when the limiting magnitude of lensed search programs are at the bright end. However, in order to calculate the true number of arcs at faint magnitudes, it is essential that these sources be accounted for. The HDF galaxies are within an area of 4.48 arcmin 2 . We extrapolate the predicted number of lenses in the HDF to the whole sky, by assuming that HDF is an accurate description of the distant universe everywhere on the sky. Since HDF was carefully selected to avoid bright sources, it is likely that we have missed a large number of low redshift galaxies, but, such galaxies are not expected to contribute to the lensing rate.
We have calculated the expected number,N , of gravitationally lensed arcs in by using equation (1) as a function of Ω m and Ω Λ , and using A min of 10. Since we are using the SIS model, the amplification is simply equal to the ratio of length to width in observed lensing arcs (see, e.g., Wu & Mao 1996) , allowing us an easy comparison between observed number of arcs with length to width greater than 10 in Le Fèvre et al. (1994) survey. In Table  1 , we list the expected number of strongly lensed arcs in the sky for different Ω m and Ω Λ values. 
Observed Number of Lensed Arcs
According to Wu & Mao (1996) , there are 9 arcs towards 39 clusters with L > 8 × 10 44 h −2 ergs s −1 or roughly 0.2 to 0.3 arc per cluster in the bright EMSS arc surveys (Le Fèvre et al. 1994; Gioia & Luppino 1994) . The current predictions for total number of clusters matching the criteria of EMSS arc survey clusters range from ∼ 7500 to 8000. Thus we expect a total of ∼ 1700 to 1900 such arcs. This estimate ignores the observational systematic effects in search programs, including observational constraints such as finite seeing (see, e.g., Hattori. Watanabe & Yamashita 1997) . Since, the result of such effects is to reduce the observed number, after making an additional correction, we estimate a total number of 1750 to 2500 arcs on the sky. We find that our prediction is roughly in agreement with the observed number when 0.2 Ω m 0.4 in a flat universe or Ω m ∼ 0.1 in an open universe. The range of Ω m values when Ω m + Ω Λ = 1 is in agreement with our previous estimate based on the strong lensing rate in the HDF (Ω m − Ω Λ > −0.39 95% C.I.) and estimates of cosmological parameters based on the high redshift type Ia supernovae (Riess et al. 1998 ; Ω m − Ω Λ ∼ −0.5 ± 0.4).
Systematic Errors
Our lensing rate calculation relies on the assumption that the HDF is a reasonable sample of the distance universe and that it can be applied to the whole sky. Also, we have included an additional number of faint sources to the photometric redshift catalog, and by doing so, may have in-troduced a systematic bias in our calculation. However, unless these sources are at either low or high redshift, we do not expect such sources to make a large change in the lensing rate. Also, there is a possibility that certain multiple sources, which we have counted as separate objects, may in fact represent star-forming regions within individual galaxies (e.g., Colley et al. 1997) . If this is true, we may have overestimated the number of sources by as much as ∼ 40%, and may have caused a systematic increase in the lensing rate.
Another possible systematic error is involved with the determination of the F parameter. We have used the PS theory normalized to local cluster abundance and relations between velocity dispersion, cluster temperature, mass and luminosity to calculate F . The used scaling relations, as well as parameters in the PS function, have in some cases large uncertainties. It is likely that our predicted numbers may be accurate to within 30% to 40%. Other than statistical errors, there may also be systematic uncertainties. For example, the M − T relation may have additional dependences on the cosmological parameters (see, e.g., Voit & Donahue 1998), which we have not fully considered. Since F was inferred based on PS function normalized to observations, and since these observables depend on the assumed cosmology, F will also depend on it. The dependence of the inferred F on cosmology also depends on the scaling relations. However, for the most part we can ignore such small changes. Incidently, when F is evaluated using the X-ray luminosity function by Ebeling et al. (1997) or mass function in Bahcall (1996), we calculate values compatible with the ones derived here from PS theory for low Ω m values. Even though we have used the PS theory to account for redshift evolution, it is possible that we have only partially accounted for evolutionary effects. For example, we have not taken into account the effects of Ω Λ on cluster formation. Thus, our calculation is different from that of Bartelmann et al. (1997) , where effects of Ω Λ on cluster structures are accounted based on numerical simulations. Our lens model is too simple to allow such effects. Bartelmann et al. (1997) found that the observed number of arcs can be explained in an open universe, while with a cosmological constant the number predicted is smaller than the observed statistics. We find that the number predicted in an open universe is not enough to fully account for the observed number, unless Ω m ∼ 0.1. Also, we find a considerably large number of arcs with a Ω Λ dominated universe, which has been considered in the past to account for lensed arcs statistics (e.g., Wu & Mao 1996) .
We have assumed that clusters can be described by singular isothermal spheres. However, for high amplification events such as arcs, substructures within clusters are important. The substructures within clusters are responsible for aspherical potentials. Such potentials have been considered important for lensed arc calculations, since the spherical potentials failed to produce the observed number of arcs on the sky initially (e.g., Wu & Mao 1996) . Given that our lensing rate seems to be in agreement with the observed rate for reasonable cosmologies, we can safely say that for overall statistics of lensed arcs, complex potentials can be ignored; a conclusion which is also supported by numerical simulations. However, for certain clusters, especially the ones that have been systematically studied in detail due to the large number of arcs, which includes A2218, A370 and A1689, complex potentials may be important to model the individual arc distribution.
Summary
Using the redshift and magnitude information for HDF galaxies and Press-Schechter theory to describe the foreground lensing clusters, we have calculated the expected number of lensed arcs towards galaxy clusters. Our predicted numbers are in agreement with the observed number when 0.2 Ω m 0.4. Given the large systematic effects involved with both the predicted and observed number of arcs, more reliable constraints on the cosmological parameters are not currently possible.
